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ABSTRACT. We present some Lancret-type theorems
for general helices in the three-dimensional Lorentzian space
forms which show remarkable differences with regard to the
same question in Riemannian space forms. The key point
will be the problem of solving natural equations. We give a
geometric approach to that problem and show that general he-
lices in the three-dimensional Lorentz-Minkowskian space are
geodesics either of right general cylinders or of flat B-scrolls.
In this sense the anti De Sitter and De Sitter worlds behave
as the spherical and hyperbolic space forms, respectively.

1. Introduction. A general helix in the Euclidean space R? is a
curve which forms a constant angle with a fixed direction in R?, that is,
its tangent indicatrix is a planar curve. The line perpendicular to that
plane is called the axis of the general helix. A classical result stated by
Lancret in 1802 and first proved by de Saint Venant in 1845 (see [11]
for details) says that a “curve is a general helix if and only if the ratio
of curvature to torsion is constant.”

Given a pair of functions, one would like to get an arclength
parametrized curve for which that couple works as the curvature and
torsion functions. This problem is classically known as the solving nat-
ural equations problem (see [11]). The natural equations for general
helices can be integrated in R3 and in the three-sphere S2, showing
that general helices are geodesics either of right general cylinders or of
Hopf cylinders, according to whether the curve lies in R3 or S3, respec-
tively (see [3] for further details). The hyperbolic space is poor in these
kinds of curves because the only general helices are the right circular
ones.
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